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1 Introduction 

We are concerned with existence and uniqueness of bounded solutions to the 
foUowing fractional sublinear equation: 



(-A)^U=:/91i" 



bAT 



(1.1) 



The nonlocal operator (— A)^ is the fractional Laplacian of order cr/2 with 
a G (0, 2), A^ > 2. Thus the following representation in terms of a singular 
integral holds: 



(-A)-/2,9(.t) = C 



N., 



P.V. 



g{x) - g{z) 



\N+a 



dz. 



(1.2) 



for any g belonging to the Schwartz class, where C^.a is an appropriate 
positive normalization constant depending on A^ and a (see p.8[) ). The 
function p is nonnegative and bounded in M^, and decays at infinity fast 



^Gabriele Terrone was supported by the UTAustin-Portugal partnership through 
the FCT post-doctoral fellowship SFRH/BPD/40338/2007, CAMGSD-LARSys 
through FCT Program POCTI - FEDER and by grants PTDC/MAT/114397/2009, 
UTAustin/MAT/0057/2008, and UTA-CMU/MAT/0007/2009. 



F. Punzo and G. Terrone 



enough. If we replace the nonlocal operator in (jl.l[) by the Laplace operator 
A, then we obtain the following sublincar elliptic equation: 

-Au = pw" iuM^, (1.3) 

which, together with its counterpart in bounded domains of M.^ completed 
with Dirichlet boundary conditions, has been extensively studied in the lit- 
erature (see [3], [4], [10], [11], [13], [H], [E]). In particular, in [3], existence 
and uniqueness of bounded solutions to equation (|1.3p have been established, 
under the assumption p e i;^^(M^), p>0. More precisely, in [3] it has been 
shown that existence of solutions to problem (|1.3p holds if and only if the 
linear problem 

-AU^p in R^ (1.4) 

admits a bounded solution; moreover, the solution is unique in the class of 
solutions V satisfying \mimii^i^^v{x) = 0. Whereas, asymptotic behavior 
as |a;| — >• oo of solutions to equation (|1.3p has been addressed in [10], [11] and 
[14j . under appropriate assumptions on p. 

Recently, also the analysis of fractional semilinear elliptic equations have 
attracted the attention of various authors (see, e.g., [1], [2], [5], [6]). In 
particular, for further references we point out that in [1], [2] existence and 
multiplicity of solutions have been studied for the problem 

f(-A)tu = AuP + u"? xeD 
]u = xedD, 



where D C M is a bounded domain with smooth boundary dD, Q < q < 
1,1 < p < j^^^ ,-/V > CT, A > 0. To the best of our knowledge, fractional 
sublinear equations in the all R^, such as (jl.ip . have not been studied so far. 
The analysis of the elliptic equation (|1.3|) is strictly related (see [12]) to 
the asymptotic behavior of solutions of the Cauchy problem for the porous 
medium equation with variable density p: 



pdtu = A[u"'] .tgK^, t>0 
u = uo xeR^, t = 



N . . (1-5) 



with m ~ 1/a, p > 0. The question if analogous results hold for problem 

fp9tM+(-A)f [u"]=:0 xeK", t>0 
[u^uo X eM^, t = 

is not the content of the present work, and still remains to be answered. 

On the other hand, let us mention that in the following, we shall use 
existence and uniqueness results proved in [T^] for problem (|1.6p (see also 
[T5]). in order to show uniqueness of solutions to (|l.ip . 
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We describe next how the paper is organized and outline the main contri- 
butions. In Section [3] we recall the needed mathematical background about 
the fractional Laplacian, its realization through the harmonic extension, both 
in bounded domains and in the whole space, and give the precise notion of 
solution we will deal with. As well as in [1] , [2] we will consider energy solu- 
tions. In Section |3] we perform a detailed and self-contained analysis of the 
linear problem 

{~A)^U = p inM^, (1.7) 

establishing existence and uniqueness of solutions. Boundedncss of solutions 
and behavior at infinity of solutions is investigated as well; in particular a 
decay estimate at infinity is shown using some results in [TH|. In Section [1] we 
study existence of solutions to equation (|l.ip . More precisely, we prove that 
existence of bounded solutions to the linear equation p.7p is sufficient (see 
Theorem 14. 1|) to existence of solutions to (|1.1|) . This somehow rephrases, in 
the nonlocal framework, some results obtained in [3] for the local problem 
(|1.3p . Finally in Section [5l by exploiting uniqueness results for problem (|1.6p 
proved in |16| . we show uniqueness of solutions of (|1.3p satisfying a decay 
condition at infinity; see Theorem 15.81 



2 Mathematical background 

We always make the following assumption: 

'(i) pe L°°(M^), /9>0 a.e. iuK^, p^O 
(n) < cr < 2 (Ao) 

(iii) < a < 1. 

Furthermore, about p = p(x), we suppose that the following decay condition 
at infinity holds: 

there exist C > 0,R > and /3 G {N, oo) such that , . ^ 

p{x) < C\x\-f^ for all x e K^\Bj^. *- ^' 

Let us introduce the following sets: 
Li(R^) := (/ measurable in R" ||/||li(k«) - / fpdx<^], 
L+(M^):={/eLi(IR~)|/>0}. 



The fractional Laplace operator (— A)*^/^ can be defined in many different 
ways, one of which relies on the Fourier transform. For any g in the class of 
Schwartz functions, if {—Ay^'^g = h then 

m = \^rm- (2.1) 
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When, as in the present situation, a varies in the open interval (0, 2) then 
representation p.2p holds. 

Furthermore, if (/3 is a smooth and bounded function defined in M^, we 
can consider its (T-harmonic extension v = E((/3) to the upper half-space 

r!:=M^+i = {(x,2/): x G M^, y > 0}, 

that is, the unique smooth and bounded solution f (x, y) of the problem 

fdiv{yi-'"Vw} =0 in fl 
I v{x, 0) — (p{x) in r. 

Here F := I! n {?/ = 0} = K^. It has been proved (see [7], [9]) that 

dv " 

-Tr^(a;,0) = (-A)2 (p(x) for all a; G F, 

where 

2"-^r(a/2) dv ,_,dv 

F(l - a/2) dy" y^o+ dy 

2.1 Problem in the all space 

Multiplying the nonlocal partial differential equation in (|l.ip by a test func- 
tion (f compactly supported in R^, integrating by parts, taking into account 
(|2.ip and using the Plancherel's Theorem, we discover that 

pu-^ipAx- f (-A)'"/'*u(-A)'"/Vd.T = 0. (2.2) 



We denote by H'^/^{R^) the fractional Sobolev space obtained by com- 
pleting C^{R^) with the norm ||V||^„/2 = ||(-A)^/V||l2(r«)- 
Definition 2.1. A solution to equation (jl.ip is a function u > such that: 

• ue H'^/^R'^) n L°°(]R^), «!+" e L^(M"); 

• /or any v? £ Co"(K^) identity ([221) /loMs. 

Solving problem (jl.ip is equivalent to solve the following problem 

'divjyi-'^Vw} = {x, y) G Vt, 
d^ a ^p (2-3) 

here w = E(u) is the cr-harmonic extension of u to the upper half-space i7. 
We denote by X°'{i^) the completion of C5"(f2) with the norm 



\\v\\x'in)= Lajy'-"\^v\^dxdy 



Given a function / G X°'{rt) we denote by /|r its trace on F. We give next 
the definition of solution to problem 
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Definition 2.2. A solution to problem (J2.3I) is a pair of functions (w, w), 
with u > 0,w > 0, such that 

• weX''{Q)nL°°{Q); 

. w\r = u, u"+i e Li(r); 

• for any tp G C^{^) there holds 

pu°'ip{x,0)dx = fi„ / y^-''{Vip,Vw)dxdy. (2.4) 

Jr Jn 

It is direct to see that the notion of solution given in Definition 12.11 for 
equation (jl.ip is equivalent to that in DefInition l2.2l for the extension problem 
(|2.3p (see e.g. [9l Section 3.3] for a similar result). The same equivalence also 
holds for all other problems and equations we will consider in the sequel. 

2.2 Problem in bounded domains 

Let Z? be a bounded domain in M.^ with smooth boundary dD. We use next 
a spectral decomposition to define the fractional operator (— A)'^/^ in D. Let 
{£,n}T be an orthonormal basis of L^{D) made by eigenfunctions of —A in D 
completed with homogeneous Dirichlet boundary conditions, and let {\n}T 
be the sequence of the corresponding eigenvalues. For any u £ C^{D) 

oo 

(-A)-/2^i:=^A^/2u„e„ inD, 

n=l 

where u = X]^i '^n Cn ii^ L'^{D). By density, (— A)'^/^u can be also defined 
for u belonging to the Hilbcrt space 

We then consider the problem 

f(-A)fu = pw" inD 
\u = in dD. 

Definition 2.3. A solution to problem (J2.5I) is a function u > such that: 

• for any ip G C^{D) identity p.2p holds. 
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As well as for problem (|l.ip . to solve problem (|2.5p wc can also consider 
the analogous of problem (|2.3|) in the half-cylinder Cd := D x (0, oo) with 
homogeneous zero conditions on the lateral boundary OlCd '■— {{x,y) & ^ : 
X &dD,y >0}: 

div{yi--Vu;} = {x,y)eCD, 

w = {x,y)edLCD, (2.6) 

We denote by X^{Cd) the closure of C^{p x [0, cxd)) with respect to the 
norm 

Mx'[Co)= (/^<x^ y'-''\yv\^Axdyy . 

Definition 2.4. y4 solution to problem (J2.6I) is a pair of functions {u,w), 
with u > 0, u) > 0, such that 

• for any ip G C^(C£i), (^ = on 9lC£) f/iere /lo/ds 

pu°'ip{x,0)dx^ fi„ y^~''{V(p,Vw)dxdy. (2.7) 

Remark 2.5. By the trace embedding theorem, ii w € Xq{Cd); then w G 
LP{D) whenever 1 < p < -^^ and N > a. Since cr > 0, then p = 1 + a 
belongs to [1,77^]. Thus 



p«;i+"dx-<||p|U=op)(||7«||i.+.(^))i+". 
In particular, the left hand side in (|2.7p is finite. D 

3 The linear problem 

In this Section we study the linear problem 

(-A)tC/ = p inM^. (3.1) 

Definition 3.1. A solution to problem (j3.ip is a function U such that: 

• u e iJ'^/2(M^) n L\{R^) n l°°{r^); 
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• for any ip E C^(M^) there holds 

f p^dx- I (-A)'^/'*C/(-A)'^/Vda; = 0. (3.2) 

As well as for the nonlinear problem introduced in the previous Section, 
we consider problem 

'div{j/i-'"Viy} =0 ix,y)en, 
dW (3.3) 

for the harmonic extension W = E([/), and give the next 

Definition 3.2. A solution to problem (|3.3p is a pair of functions {U,W) 
such that 

• W eX''{VL)r\L°°{VL); 

• M^lr = C/, t/ e iJ(M^); 

• for any tp £ C(^{Q) there holds 

f pipix,0)dx^fi, f y^-^{S7p,S7W)dxdy. (3.4) 

Jr Jn 

Wc also introduce the linear problem in a bounded domain D C M.^ , 

[U^O indD. 

Definition 3.3. A solution to problem p.Sp is a function U such that: 

• u e h^^\d), u e LliD); 

• for any Lp G C^{D) identity p.2p holds. 

The associated extension problem in the half-cylinder Co -^ D x (0, oo) 
with zero lateral condition is: 

divjyi— VVF} = {x,y)eCD, 

W = {x,y)EdLCD, (3.6) 

dW ^ 

^—=P xeD. 

dy" 

Definition 3.4. A solution to problem (j3.6p is a pair of functions {U,W) 
such that 

• W e X^{Cd); 
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• W\d = U; 

• for any (p G C^{Cd)i (p = on OlCd, there holds 

f p^{x,Q)dx^fia f y^-^{V<p,VW)dxdy. 

J D JCd 

We introduce the following property: 



(3.7) 



there exits a solution {U, W) to (|3^ . (H) 

Remark 3.5. As described in Section [53] condition ((H)) is equivalent to the 



existence of a solution to problem p.ip , in the sense of Definition 13.11 D 

3.1 Existence of solutions to the linear problem 

Let 

be the Riesz kernel, where 

_^ r{{N + a)/2) 



As well as for the standard Laplace operator, a solution to problem p.ip can 
be constructed by convolving such a kernel with the function p, that is 



{K-*p){x) = Cn.. I ,, ^.,;_. dy. 



pjv) 

\x-yY 



We are interested in determining conditions to be imposed on p such that 
property ([H|) is satisfied. 



Remark 3.6. (i) By results in [19], {K" * p) (x) is finite at any a; G R^ if 
and only if 

\p{y)\ , / . [ \piv)\ ^ f ^TD,jv 

-ay < cxD and / „_ ay tor any x G K . 



R«i + |yr- JB(.,i)\^-y\''-" 

(ii) As a consequence of (i), when p G Lf^^CR.^), (A''^ * p){x) is finite at 
any x G R^ if and only if it is finite at some xq G R^ . 

(iii) From (i) it immediately follows that if p G L°°(M^) and {!<" *p){0) < 
oo, then K"^ * p e L°°(R^). In fact, in this case 



B(x,l) F ~ y\ "'-8(0,1) 1^1 

for any x G M^. 

D 
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From [T5] the following lemma can be deduced (see [TBI Corollary 5.4]). 
Lemma 3.7. Let N > 2. Let assumptions ( |AoD , ( |Ai[ ) be satisfied. Then 

{K''*p){x)^0 as \x\^oo. (3.9) 

More precisely, for some C > 0, we have: 

{K" * p){x) < Clxl"'''-^ for all x € M^, (3.10) 

provided ^{2 — a) < v < N and 

(2 N ^ N , , 

max<^-,- ^<'^<T^ • 3.11 



Let assumption ( |Ao[ ) be satisfied. Note that for each R > problem 

U~A)^Un^P inBn 
[Ur^O indBR. 

admits a unique solution Ur] moreover, Ur > in Br, and 

Ur{x)=1 GR{x,y)p{y)dy 
JBr 

where Gr is the Green function of the operator (— A)"'/^ in the domain Br, 
completed with zero Dirichlet boundary conditions on OBr. 

Since UR>Om Br for any i? > 0, if i?i < i?2, then Ur^ is a supersolution 
to problem 

f(-A)t(7 = p in Br, 

[U^O indBR,. 

So, by comparison principles, 

< Ur, < Ur, in Br, . 

By the monotone convergence of Gr to K"' as i? -> cxo, we have: 

U^ix) := lim URix) = (K" * p){x) (x G M^) . (3.13) 

We will denote by Wr the harmonic extension in Cr of Ur, and by Woo 
the harmonic extension in fl of Uoc- Clearly, Woo ~ hmfl_j,oo WO? • Some 
properties of the function K" * p have been discussed in Remark 1 3. 6 1 In next 
Proposition we give some criteria, involving the function K'' * p, for existence 
of solutions to equation p.ip . 

Proposition 3.8. Assume \A.Q\ -(i),(ii). Then property jH)) is satisfied if 
and only if 

K" * p e L°"{R^) n LiiR^). 
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Proof. Assume that property (|H| holds and, without loosing generality, that 
the bounded solution iU,W) of ([33]) verifies W > in n. Let {Ur,Wr) be 
solving problem (|3.6p with D = Br. By maximum principle, 

0<Ur<U in Br. (3.14) 

By passing to the limit as i? — !> cxd, in view of p.l3p . we get 

Uoo^K" *p<U in M^. (3.15) 

By dHI and Definition [XI t/ G L°°(M") H Lp(M^). Thus, from (jXTIl) and 
([XT5)) we can infer that K'' *pe L°°(]R^) n Lj(M^). 

On the other hand, suppose that K'^ * p e L°°(M^) nLi(M^). By (|XTH)) . 
there exists C > such that for any R > 

0<Ur<C in Sfl. (3.16) 

For each R > 0, choose a sequence {(/3„} C C^(Br x [0, oo)),(/7„ — > Wr^ in 
Xq (Cfl) as n -^ oo. So, for each i? > 0, for all n G N there holds: 

M.T / y^~''{'^WR,V(pn)dxdy^ p(fn{x, 0)dx- 

JCr ^ Br 

letting 71 — > oo we have: 



Ic 



f y'-^\VWR\^dxdy= f pURdx. (3.17) 



Let y CC ri. Take i?o > so that V C C_Ro. Hence, for every R > i?o, Since 
K"^ * p G iJ(K''^), using monotone convergence theorem and p.l3p . we have: 

I pURdx<\\K^*p\\Li(mNy (3.18) 

Jv 
From ((3l7)) and ((3?T8)) we get, for every R> Rq, 

t^<y I y^-''\VWR\'dxdy < C, (3.19) 

for some C independent of R and V . Therefore, passing to the limit as 
i? ^^ CXD, we get that {Uoo,Woo) is a solution to problem p.3p . This completes 
the proof. D 

Corollary 3.9. If property ((H|) holds, then {Uoo,Woo) is the minimal posi- 
tive solution of (j3.3p . 



Proof. The statement follows by observing that in the proof of Proposition 
13.81 U can be any nonnegative solution to p.ip . D 



Remark 3.10. From Remark 13^ it immediately follows that if ( |Ao[ ), ( |AiD 
are satisfied, then K" * p & i°°(M^) n Lj(M^) . D 
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3.2 Uniqueness for the linear problem 



Lemma 3.11. Let assumptions ( |AoD , ( |Ai[ ) be satisfied. If U is a bounded 
solution to problem (j3.f p . such that U{x) — >■ as \x\ -^ cxd, then it coincides 
with Uoo- 

Proof. Let W, M^oo be the extension in 51 of t/ and Uoo, respectively. Set 
W := W ~ Woo ■ Take a sequence <p„ C C^ (f2) such that Lpn -^ W as n -^ oo 
in X^(fl). By Definition E21 for all ti G N, we have 



Jn 



{\'W,Vipn)dxdy^O. 
Ji 

Sending n — ;■ cxo, we get 

\VW\^dxdy^Q, 



so W is constant in Q.. Furthermore, in view of p.9p and taking into account 
that by assumption U{x) ^- as \x\ — > oo, wc deduce that W{x,Q) ^- as 
\x\ -^ oo. This implies the identity W = Q and thus the statement. D 



Lemma 3.12. Let assumptions (jAoj), ( |Ai[ ) be satisfied. Let U be a solution 
to 

{-/^Y'^U <p inM.^ (3.20) 

such that U{x) —y as \x\ -^ cx). In addition, suppose that f := {—A)°'''^U G 
L°°(R^). Then 

U <Uoo inR^. (3.21) 

Proof. Let g := (-A)'"/^^^^ _ jjy rpj-^^g 

g > in E^. (3.22) 

Consider the equation 

(-A)'"/V = .g in R^ . (3.23) 



Note that g = p — f. Thus, in view of hypothesis ( |Ai[ ) and the fact that / G 
L°°(R^), from RemarkEHwe can infer that K^^g G L°°(R^). Furthermore, 
since Q < g < p, from Remark [XTUl it also follows that K" * g ^ L\{m.^). 

So, by Proposition 13. 8[ K"^ * g is a, bounded solution to equation (|3.23p . 
Since g < p, from Lemma [3. 71 and (|3.22p it follows that (if^ * g){x) ^- as 
\x\ — !■ OO. Clearly, Uoo — U is a bounded solution to equation (|3.23p such that 
Uoo{x) — U{x) ^- as |a;| — > oo. From Lemma [3. 11 1 we deduce that 

Uoo-U = K" * g in R'^ . 

Now, from (|3.22p the conclusion follows. □ 
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4 Existence results 

Our goal is to prove the following: 

Theorem 4.1. Let assumption (A^ be satisfied. If K" * p e L°°{R^) n 
L),(IR^), then there exists a solution to problem (j2.3p . 

Remark 4.2. By results in Section [2.11 we can reformulate Theorem 14.11 
as follows. If K" 'f p e L°°(R^) n ^^(R^), then there exists a solution to 
problem (jl.ip . D 

In the sequel, for any R > 0, we shall make use of problem 



'diy{y^-^VwR} = (x, y) G Cr := Br x (0, oo), 

wr^O X G OCr, y > 0, 

9wR „ 

-^ = puji x& Br. 



(4.1) 



Now, we state some results concerning problem (j4.ip . that can be proved by 
standard methods (see [2]). 



Proposition 4.3. Let assumption (jAoj) be satisfied. Then for any R > 
there exists a solution {ur,wr) to problem (|4.ip . 



Proof. Consider the functional J : Xq{Cr) -^ M defined as 

J{w):=- [ y^-^lVw]^ dxdy —[ pw^'+^dx. 



In view of Remark 12. 5[ it is well defined, bounded from below and coercive 
in X^{Cr). Then by standard tools, the conclusion follows. D 

By the classical procedure of sub- and super solutions, next Lemma can 
be deduced (see [H Lemma 4.2]). 



Lemma 4.4. Let assumption ( |AoD be satisfied. Let (ui,wi) and {u2,'W2) be 
respectively a subsolution and a supersolution to problem (j2.6p . and assume 
that Wi < W2 in Cjj. Then there exists (u,w) solution to problem (|2.6p such 
that wi < w < W2 in Cd ■ 

The following comparison result can be easily deduced by the same argu- 
ments as in [21 Lemma 4.3] . 



Lemma 4.5. Let assumption ( |Ao[ ) be satisfied. Let (ui,wi) and (^2,^2) be 
respectively a subsolution and a supersolution to problem (|2.6p . and assume 
that wi,W2 > 0. Then wi < W2 in Cd- 

Now we can prove Theorem [JT] 
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Proof of Theorem\JJ\ Since K"^ * p ^ L°°(R^) nLj(]R^), by Proposition 
there exists ([/, W) solution to problem p.3p . By strong maximum principle, 

wr>Q in Cr, uii> in Br . (4.2) 

For any i? > 0, by Proposition l4.3l a solution (ur, wr) to problem (|4.fp exists. 
Moreover, by Lemma 14.51 it is unique. Observe that 



R< R' => WR< WR' in Cr. (4.3) 

In fact, in view of (|4.2p . {ur',wr') is a supersolution to (|4.ip . Then w/j < 
«;_«'. Moreover, for C > ||^||];,^°(5 ), {CU, CW) is a supersolution to problem 
(|il) . In fact, for any (^ S C(f (H), 

M^ /" yi"'^(V(^,V(CW^))dxdy = f C pip{x,0)dx > ( p{CUY Lp{x,Q)dx. 
Jn Jr Jr 

Hence, 

< Wfl < CW in Cfl. (4.4) 

From (|i3)) and (g^) it follows that there exist 
w := lim uifl in i7, 
li := lim Ufl in F. 

H— s-oo 

Furthermore, u; G i°°(r2),-u G L°°(F). 

For each R > 0, take a sequence {(fin} C C^{Br x [0, cxd)), (p„ — J> Wi? in 
Xq{Cr) as n ^ oo. From p.7p . for each R> 0, for all n € N, we have: 



fJ-a 



I y^-^ViPn,yWR)Axdy= I p<(^„(x,0)dx. 

J Cr "^ Br 

Letting n — > oo we obtain: 

Ma/ y'-^l'^WRfdxdy^f pu%+Ux. (4.5) 



R 
Cr J Br 



Take any open subset V with V C^ and select i?o > so big that V C C^,, . 
From dill) and dHl), since U G ip(]R^) n L°°(R^), there exists C > 0, 
independent of R. such that 



Therefore (|2.7p implies 



/" pu^^+i dx < C for any i? > 0. (4.6) 

"'Br 



p„ I y^-''\\/wR\^Axdy<C for any E > 0. (4.7) 

By letting i? ^ oo in (HT)), from (gS]) and dUT]) we obtain ^T^, w e X°'(f7)n 
L°°(17) andu"+i eLj(r). D 
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Remark 4.6. In the proof of Theorem 14.11 wc have constructed a solution 
{u,w). Such solution turns out to be minimal, in the sense that if (w, w) 
is another solution, then u < u and w < li. Moreover, by construction it 
follows that u > in r, w > in ri . D 



Remark 4.7. Assume that p satisfies ( |Ai[ ). Then the minimal solution 
constructed in Theorem 14.11 satisfies the following identity: 

/ ^ f p{y)u°'{y) , 

u(x) = / ■; TTT — ay. 

In fact, let f{x) := p{x)u°'{x) (x G R^), and consider the equation 

(-A)'^/\' = / inK^. (4.8) 

Since u E L^{R^) and p satisfies ([AT]), by Remark [SH v = K'' * f e 
L°°(R^) n ip(M^). By Proposition ESI v is a solution to equation dlH). 
Since u is nonnegative and bounded, from Lemma [3.7l it follows that v{x) — > 
as \x\ — > oo. Clearly, the same holds for u, u being the minimal solution to 
the same equation. Thus, from Lemma l3.11l thc conclusion follows. D 

Remark 4.8. The dependence of the solution of problem (jl.ip upon p is 
monotone increasing. In fact, if pi < p2 and ui and U2 are the corresponding 
solutions of (11.11) . then U2 is a supersolution to 

{(— A)^u~piu" in Bb. 
u = on dB^,. 

Thus the sequence Vi^r of function approximating m satisfy vi^r < U2 in 
Br. Passing to the limit as i? ^^ oo we get ui < U2. D 



5 Uniqueness results 

5.1 Fractional porous medium equation with variable 
density 

For later use we introduce next a fractional porous medium equation and 
recall some results established in |16| . Consider the following nonlinear non- 
local Cauchy problem: 



p5iM + (-A)f [m™] =0 xeR^, t>0 
u^uo X e R^, t = 0. 



N . . (5-1) 



The parameter m is greater or equal to 1, and we will take later m, = 1/a. 
Definition 5.1. A solution to problem (j5.ip is a function u > such that: 
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u e C([0,oo);ii(M^)) andu"' G Ll^{{0,oo) : iJ'^/2(M^)); 
for anyT>0, iP e C^{R^ x (0,r)) there holds 

pudti^dxdt- f f (-A)'^/4(u™)(-A)'"/Vda;di = 0; 



^R" 



• u(-,0) = uq almost everywhere. 

Solving problem (|5.fp is equivalent to solving the following quasi-stationary 
problem for w = E(m™), with a dynamical boundary conditions: 



-div{yi-'^Vw} = {x, y) e f7, t > 



dw 
dy'^ ~ 

W = Un 



dt 



a: e r, t > 

a; gT, t = 0. 



(5.2) 



Definition 5.2. ^ solution to problem (|5.2p is a pair o/ functions (u, w) 
with u > 0, w > 0, such that 

. ueC([0,oo);Li(r)); 

. i/;GLL((0,^);X-(17)); 

• w|rx(o,oo) =u"; 

• /or anyT >Q,ip<E C^{n x (0, T)) i/iere /loWs 

/ pudti/jdxdt^ fi„ Vt/j- (y^-^Vw) dxdydt; (5.3) 

Jo ^r Jo Jn 

• the identity u(-,0) = uq holds almost everywhere. 

It is well known (see, e.g. [21 Section 3.3]) that a function m is a solution 
to problem (|5.ip if and only if (u,E(m™)) is a solution to problem (|5.2p . 

The previous definitions can be adapted to consider problem (|5.ip in 
bounded domains. Let i? > 0, uq G ^p(^i?) ^-^d consider the problem 



p9fU+(-A)t [m™] =0 xeSfl, t>0, 
u = .T e 95;^, t > 0, 

M = Uq a; G Bji, t — 0. 



(5.4) 



Definition 5.3. A solution to problem (j5.4p is a function u > such that: 
• M G C([0,oo);Li(Bfl,)) and u" G iL((0,oo) : H^^^{Br)); 
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for any T > 0,-0 G C^{Br x (0,r)) there holds 



Jb 



pu dfip dxdt 



(- A)'^/4u" (- A)''/V dx dt; (5.5) 



J Br 



• m(-,0) = Uq almost everywhere in Bn. 

Problem (|5.4p can be solved through harmonic extensions considering, 
as discussed before for problem (|5.ip , the analogous of problem (j5.2p in the 
half-cylinder Cr = Br x (0, oo) with zero lateral condition: 



'-div{yi-"Vu;} =0 (x, y) e C^, t > 0; 
w = X £ OCr, y > 0,t> 0; 



dw 



d 



\w\ 



dt 



X gCr, y ^0, t > 0; 
X € Cr, y ~ 0, t ~ 0. 



(5.6) 



Definition 5.4. A solution to problem (|5.6p is a pair of functions (u,w), 
with u > 0, w > 0, such that: 

. ?/eC([0,oo);Li(Bfl)); 
. weLl^{{0,^);X-{CR)); 

• w|b^x(o,oo) =m™; 

• /or anyT>0 and tP ^ iP{x,y,t), iP £ C^{Br x [0, oo) x (0,T)),V = 
on OlCr X (0,r), i/iere /lo/rfs 

/ / pudti'dxdt^ ^i^ / VV" (y^^'^Vw) dxdydf; (5.7) 

Jo Jbr Jo Jcr 

• the identity u(-,0) = no holds almost everywhere in Br. 

As well as in the case of R^ the two notions of solutions given in Definition 
15.31 and Definition 15.41 are equivalent. 

Observe that comparison principles hold for problem (|5.4p (see jl6)). 
Moreover, the existence of the minimal solution to problem (|5.ip has been 
established in [16j . together with some uniqueness results, among which we 
recall for later use the following: 



Proposition 5.5. Let N > 2. Let assumptions ( |AoD , ( |Ai[ ) be satisfied. 
Moreover, suppose that p > in R^, uq G L°°(E^) nL+(M^), m > 1. Then 
there exists the minimal nonnegative solution u to problem (|5.ip ; moreover, 



{uix,s))""ds<C\x\''-''-- 

for almost every a; e R^ \ B^ (^ > 0), i > 0, 
for some C > 0, with v,r as in Lemma\3? 



(5.8) 
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Furthermore, if u is a solution to problem (|5.f P such that (|5.8p is satisfied 
with u replaced by u, then u = u. 

Proof See [HI Theorem 5.9] D 

5.2 Uniqueness of solutions for the elliptic problem 

Lemma 5.6. Let ui and U2 respectively a subsolution and a supersolution 
of (jf .f p . Then there exists u solution to p.f P such that ui < u < U2 in M.^ . 

Proof. Thanks to Lcninia [3.f21 we can apply the standard technique of mono- 
tone iteration in the whole R^, and get the conclusion (note that the same 
argument has been applied in the proof of [S] Theorem 2] ) . D 



Lemma 5.7. Let pi and p2 satisfying ^AQJ-(i), ( |Ai[ ), and assume pi < p2- 
Then, for any Ui bounded solution to 



-(A)5mi=pi< 


inR^ 


there exists U2 bounded solution to 




(-A)5U2=P2U2 


mR^ 


such that 





(5.9) 



U2{x) < C\x\''-''--, ui < U2 in R^ (5.10) 

for some C > 0, with v and r as in Lemma \3.7\ 

Proof Set 

C = (||ui||l~(r«))". 

Then 

(-A)^ui <P2< < (5/02 inR^. 

The function V := C{K"' * P2) satisfies, for C > C sufficiently large, 
(-A)^y = (7/32 >P2^" inR^. 

Thus ui and V are respectively a subsolution and a supersolution of the same 
problem: 

(-A)5c/ = C'/92 iuR". 

By Lemma 13.121 ui < V m R^. Hence from Lemma 15.61 there exists a 
solution U2 to problem (|5.9p such that 

ui<U2<V in R^ . 

So, from Lemma [3771 we get (|5.10|) . This completes the proof. D 

We establish first uniqueness under the stronger assumption that p > 0: 
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Proposition 5.8. Assume ( |AoD , (jAJ). Suppose further that p > 0. Let u 
he the minimal hounded solution to problem (jl.ll) provided hy Theorem \4-l\ 
Let u be any other bounded solution to problem p.ip such that 

u°'{x) ^Clx]"-"-^, 
for some C > 0, with r and v as in Lemma \3.7\ Then u = uin ^^ . 
Proof. Set m :~ 1/a and 

C,„ := (to -1)^7^ • 
Let vji{x,t) be the solution to 

p^ + {-A)^[v^]=0 x€BR,t>Q, 

VR^Q x€ OBr, t > 0, (5-11) 

Vr{x, 0) = CmU~ X e Br. 

Observe that the function 

u{x,t) :~ J — u™(a;) 

(t + l) — 

solves 

p^ + (-A)^[u"]=0, inR^x(0,oo). 

Moreover, w is a supcrsolution to problem (|5.1ip . Thus, by comparison prin- 
ciples, 

VR<u inSflx(0,oo). (5.12) 



Notice that for any i? > 



essinf u > 0. 
Br- 



Then we can select tr> Q such that 



— ^ > M'" in Br. 



We have 



^mU"^ ^ ^niU^ 



u{x, t) := —I — < — 1 =: uix^ t) in Br x (0, oo); 

[t + TR)^^^ t^^^ 

moreover u is a supersolution to (|5.1ip thus, by comparison principles we get 
vr<u<u in Br x{0,oo). (5.13) 
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Now, by results in [T^] there exists the limit 

iioo := hm vr; 
the function v^o solves 



dt ' \' °°' ' ' (5.14) 

vr{x,0) = CmU^ X e M^, 

and satisfies the inequality 

w™(x,i)<C|xr~"-^ (xeR^,t>0) (5.15) 

for some C > 0, with v and r as in Lemma 13.71 Then, by passing to the limit 
as i? — ;• CX3 in (|5.12p , 

Voo<u inM^ X (0,oo). 

Notice that, as well as Wtx), the function u solves (|5.14p and satisfies the 
inequality (|5.15p . Then, by Proposition [53] 

Voo ~ u in K^ X (0, oo). 
Passing to the limit as i? — > cxd in (|5.13p . we obtain 

Voo <u in M^ X (0, cx)) 
which in turns entails 



As f ^ +00 we get 

u^ < u- in M". 

Since u is minimal it follows that u = u. D 

We discuss now the general case in which p > 0. 



Theorem 5.9. Assume ( |Ao[ ), ( |Ai[ ). Let u and u he as in Proposition ] 5. 8[ 
Then u = uin R^ . 

Proof. Let h e C°°(R^) n L°°(R^) n Li(M^), h > 0, and define for any 
e > 0, 

Pt := p + eh. 

By Lemma l5.7l there exists u^ solving 

-{A)iue=peu'^ inK^ (5.16) 
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and verifying the following inequalities in 



pN. 



U<Ue, (5.17) 



for some C > 0, with v and r as in Lemma 13.71 Thanks to Proposition [57 
such Me is the unique solution of ()5.16|) . Let (ue,^, w^.r) and {ur, wr) be the 
positive solutions of the extension problems associated respectively to 



\{--A)2u^R = p^u'^j^ in Bji 
\ue,R = in OBr, 

and 

{{-/^)iuR^ pu"^ in Br 
]uR = in OBr. 



(5.18) 



(5.19) 



By (ETD, for any ^ e C§°{Cr), ip ^ on BlCr, 

f p,ulRip[x,G)dx^^L^ f y^~^{Vip,\/w,,R)AxAy- (5.20) 

-IBr JCr 

I pu%ip{x,0)dx = p, f y^-''{V^,\7wR)dxdy. (5.21) 

•^ Br ^Cr 

It is easily seen that (|5.20p holds true with ip = wr, while (|5.2ip holds true 
with if = WcR', so, we obtain: 

Peu"jiUR{x)dx ^ p„ / y^^''{\7we,R,VwR)dxdy 

Br ^ Cr 

= f pu%u,^R{x)dx. (5.22) 
Jbr 

Hence, 

/ p Ue^Ru'^{u\~^ ~ u^~") dx ^ p [u^.R u% - u"fl ur] dx 

J Br "J Br 

= I [peU" rUr- pu" nUR\dx 

•IBr 

= / (Pe - P) U°R UR dx 

Jbr 

< ehu"i^URdx <Ce\\h\\L^^N) <Ce 

•IBr 

for some C > independent of R. Passing to the limit as i? — > oo and taking 
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into account ()5.f7l) wc get 

< lim / pu,Ru'^{ul'^-u]{'')dx<Ce. (5.23) 

-R^°o JBa 

Since u > m, by sending e — > 0^ in (|5.23p we discover 

Hence pu" = pu" in R^, which implies 

(-A)5(u-u)=p(u"-u")=0 inR^. 

By uniqueness of solutions for the linear problem (see Lemma lS.f tp . we con- 
clude that u = u in M^. D 
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